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1 Introduction
It is widely believed that the early stages of our universe were characterised by a phase of
an accelerated expansion, dubbed inflation [1–3], during which the length scales increased
by approximately e75 times within a relatively short time of less than about 106tPl (with tPl
denoting the Planck time). To realise such an inflationary era, one usually requires particular
initial conditions at the end of the quantum gravity era [4–6] and the presence of a (scalar)
field, called the inflaton, whose potential satisfies certain properties. It would certainly be
more natural to have one of the scalar fields of the theory playing the roˆle of the inflaton and
the scenario of Higgs-driven inflation [7] even though appealing, it faces several difficulties [8–
11]. Going beyond the minimal Standard Model, there are also difficulties in finding a natural
candidate for the inflaton field, as it has been recently shown for the case of hybrid inflation1
within supersymmetric SO(10) [18]. Hence usually one assumes the presence of an additional
— probably within the hidden sector — scalar field with certain appropriate properties —
flatness of its potential and fine-tuned couplings to accommodate the CMB data — so that
it can lead to a successful inflationary era. This approach, even though is by construction
successful, it is nevertheless not fully satisfactory. Hence, alternative approaches have been
proposed and studied in the literature.
One can, for instance, add an R2-term in the gravitational action, without changing the
particle content of the theory [19, 20]. Such a term could appear in the context of quantum
gravity corrections as one approaches the Planck scale. It is clearly appealing to study the
realisation of an inflationary era through the effects of Quantum Field Theory (QFT) in
curved space-time, while keeping the required phenomenological input to its minimum; this
is the philosophy we will adopt in this study.
1Hubrid inflation seems also to require fine tuning of its free parameters [12–15] since such a model leads
generically to cosmic string formation [16], whose contribution to the Cosmic Microwave Background (CMB)
temperature anisotropies is heavily constrained from the data [17].
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During the very early stages of our universe, matter can be described by a set of massless
fields with negligible interactions. Such fields, studied in the context of QFT in curved space-
time, may lead to an inflationary era. More precisely, trace (conformal) anomaly, resulting
from the renormalisation of the conformal part of the vacuum action, becomes the dominant
quantum effect and can drive an inflationary era in the absence of an inflaton field. Such
a proposal was first introduced by Starobinsky [1], then studied by Vilenkin [21] and more
recently it has been further investigated by various authors (see for instance ref. [22, 23] and
references therein, and refs. [24, 25]).
Even though the Einstein-Hilbert action can be also seen as an induced quantum gravity
effect [26, 27], one cannot — to our knowledge — find in the literature a consistent mathe-
matical scheme allowing to describe simultaneously induced quantum gravity and anomaly-
induced effective action. Standard computation of trace anomaly in curved space-time usu-
ally relies on ζ-functional regularisation [28], that does not exploit the ultraviolet cutoff scale,
thereby missing the effect of Sakharov’s induced gravity. In contrast to that, the frequently
used Schwinger’s proper time regularisation [29], that gives immediately the Einstein-Hilbert
action as a quantum effect, is not suitable to describe the Weyl anomaly, since it leads to a
local Weyl noninvariant expression, while anomaly generating functional is however known
to be nonlocal [30].
Our aim here is to investigate, in a self-consistent way, whether a model whose only
ingredient is QFT can generate a successful inflationary era and moreover imply an induced
Einstein-Hilbert action. We will thus revise the onset of inflation driven by the trace anomaly
of the quantum effective action, in the absence of both, a “bare” action for gravity and an
inflaton field, in the sense of a scalar field incorporated in the model. In other words, we will
investigate whether a cosmological arrow of time can result from a purely quantum effect. We
will apply spectral regularisation in a classical conformal invariant theory. We will neglect
any effects of masses at high energies, supposing that they are all much smaller than the
corresponding value of the Hubble parameter. We will show that spectral regularisation
allows us to derive the Weyl anomaly generating functional describing both the induced
Einstein-Hilbert action and the standard Weyl anomaly. However, spectral regularisation is
highly nontrivial. The price we have to pay for capturing the two effects simultaneously, is the
introduction of an auxilary field, that can be considered as a collective degree of freedom of
vacuum fluctuations of all fields, dual to conformal anomaly, that we call “collective dilaton”.
Spectral regularisation was first introduced in a context of chiral, and later also, scale
anomalies in Quantum Chromo Dynamics (QCD) in flat space-time [31, 32]. It was later
applied in the case of fermions moving in a fixed bosonic background in the context of
induced gravity and the collective dilaton Lagrangian was computed up to linear order in
curvature [33]. More recently, it was extended up to quadratic order in curvature in the
context of the bosonic spectral action [34, 35]. In the present study, we generalise the spectral
regularisation for all quantised fields, in order to study in a systematic way the influence of
quantum vacuum fluctuations on the gravitational dynamics.
This paper is organised as follows: in section 2 we derive a mathematical description of
anomaly using spectral regularisation. In section 3 we show how the induced gravitational
Einstein-Hilbert action appears in our formalism. Section 4 is devoted to trace anomaly
induced inflation. We will show that, requiring stability of the cosmological constant under
loop corrections, the condition of Sakharov’s induced gravity becomes equivalent to the con-
dition for the existence of a stable inflationary solution. We round up with our conclusions
in section 5. Finally, some technical aspects are presented in the appendix.
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2 Spectral regularisation and collective dilaton Lagrangian
We will derive a mathematical description of anomaly using spectral regularisation. We will
first compute the anomaly and then present the anomaly generating functional. The latter is
achieved through the introduction of an auxilary field, that can be considered as a collective
degree of freedom of vacuum fluctuations of all fields, dual to conformal anomaly.
2.1 Spectral regularisation: a brief overview
Our main aim is to compute the influence of vacuum fluctuations of quantised fields on the
dynamics of the metric tensor in the context of QFT with an ultraviolet cutoff.
Since in asymptotically free QFT, the interactions — non-abelian interactions, Yukawa
interactions and Higgs self-interactions — can be considered as perturbative, the effect we are
interested in is, at leading order, given by one-loop vacuum energy of free fields. However,
even this simple approximation may lead, in curved space-time, to non-trivial effects like
Sakharov’s induced gravity [26] and Starobinsky’s anomaly-induced inflation [1].
Let us consider a theory of free quantised fields of various spins moving in a gravitational
background. The classical action reads
Scl =
∫
d4x
√
g
NH∑
j=1
HjDHHj +
NF∑
j=1
ψ¯j /Dψj +
1
4
NV∑
j=1
FµνjF
µν
j
 , (2.1)
where
/D = ieµkγ
k
(
∂µ − i
2
ωmnµ σmn
)
, (2.2)
DH = −∇2 − R
6
, (2.3)
with Fµν the field strength, R the scalar curvature, ω
mn
µ the spin connection and σmn the
generators of the representation of the Lorentz group. Note that NF, NV, NH stand for the
number of Dirac four component fermions, gauge vector bosons and real Higgs-like scalars,
respectively. The classical action eq. (2.1) is conformally invariant. This setup may be
considered as a good description of the Standard Model (or its generalisations) when all
masses are much smaller than the Planck mass and the scalar fields are conformally coupled
to gravity.
In order to quantise the theory we follow Faddeev-Popov gauge fixing procedure. In
Feynman-t’Hooft gauge (a type of an Rξ gauge, as a generalisation of the Lorentz gauge,
with ξ = 1), the action reads
Scl,gf =
∫
d4x
√
g
NH∑
j=1
HjDHHj +
NF∑
j=1
ψ¯j /Dψj +
NV∑
j=1
(
1
2
Aµj (Dvec)
ν
µAνj + c¯jDghcj
) ,
(2.4)
where
Dgh ≡ −∇2 , (2.5)
(Dvec)
ν
µ ≡ −δνµ∇2 −Rνµ . (2.6)
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The object we are interested in, is a quantum partition function that (up to irrelevant con-
stant) is given by
Z ≡
∫
[dψ¯][dψ][dH][dA][dc¯][dc]e−Scl[ψ¯,ψ,H,A,c¯,c,gµν ]
= ZNFF · ZNHH · ZNVvec · ZNVgh , (2.7)
and is formally equal to:
Z =
(
det
(
/D
2
))NF
2
(det (DH))
NH
2
(det (Dgh))
NV
(det (Dvec))
NV
2
. (2.8)
Note that in a theory with NwF two-component Weyl fermions one should replace NF by
NwF /2 in eq. (2.8). Each operator O, appearing as det(O) in eq. (2.8), is of a Laplacian type
and unbounded; hence each determinant is infinite, rendering the whole partition function
ill-defined. The idea of spectral regularisation [31] is to count eigenvalues of each operator
that are smaller than a cutoff scale Λ. If in addition one considers the Euclidean space-time
to have finite volume, then the spectrum of each Laplacian becomes discrete and after its
truncation one obtains a product of finite number of modes. Hence,
detO =
∏
λn −−−−−−−−−−−−−−−−→
spectral regularisation
det
(OΛ
µ2
)
=
∏
λn≤Λ2
λn
µ2
, (2.9)
where
OΛ ≡ O · PΛ , (2.10)
with
PΛ ≡ Θ
(
Λ2 −O) , (2.11)
the projector on the subspace of eigenfunctions of O with eigenvalues smaller than Λ. The
parameter µ is introduced in order to have a dimensionless expression under the sign of
determinant and in what follows, we consider Λ = µ; other choices of µ will not affect
substantially the regularisation scheme.2
Although the procedure of spectral regularisation can be easily understood and has nice
properties, like preserving gauge invariance and general covariance, technically it is not easy to
handle (in contrast to the Schwinger’s proper time formalism). Nevertheless, one can address
both, induced quantum gravity and anomaly-induced inflation, using spectral regularisation.
Indeed, they are both related with Weyl non-invariance of the effective quantum action (or
Weyl anomaly), since the classical theory is Weyl invariant. In the following, we compute
Weyl anomaly and present the anomaly generating functional.
2.2 Spectral regularisation: computation of the Weyl anomaly
Let us consider a conformal transformation of the metric tensor:
gµν → (g˜µν)φ = e2φgµν . (2.12)
2The case of an arbitrary choice of µ is discussed in ref. [34] for the fermionic determinant and can be
easily generalised for scalar or vector fields.
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Since the classical action eq. (2.1) is Weyl invariant, the Weyl non-invariant contribution
comes out, by definition, from Weyl anomaly. Let us compute the difference between the
initial and the Weyl transformed quantum effective action, namely
W − (˜W )φ = log
(
(˜Z)φ
Z
)
. (2.13)
For the fermionic effective action WF, this difference, eq. (2.13), reads [34, 35]
WF − (˜WF)φ = −
∫ 1
0
dt Tr
φ
 ˜χ( /D2
Λ2
)
φ·t
 , (2.14)
where
χ(z) ≡ Θ(1− z) . (2.15)
Repeating the same computation for the case of a scalar field, one can easily show that
WH − (˜WH)φ =
∫ 1
0
dt Tr
φ[ ˜χ(DH
Λ2
)]
φ·t
 . (2.16)
Indeed, under conformal transformation the Laplacian DH transforms as
DH → (˜DH)φ ≡ e−3φDHeφ , (2.17)
and thus one obtains
WH−(˜WH)φ = log
 (˜ZH)φ
ZH

=
∫ 1
0
dt ∂t log (˜ZH)φ(x)·t
=−1
2
∫ 1
0
dt ∂t Tr
log
(
D˜H
Λ2
P˜Λ
)
φ(x)·t

=−1
2
∫ 1
0
dt Tr
D˜H
−1 (−3φD˜H+D˜Hφ) P˜Λ+(∂tΘ [Λ2−D˜H]) · log D˜H
Λ2︸ ︷︷ ︸
0

φ·t
=
∫ 1
0
dt Tr
{
φP˜Λ
}
φ·t
, (2.18)
with
PΛ ≡ Θ
(
Λ2 −DH
)
. (2.19)
Since the Laplacians Dvec and Dgh do not transform in a homogeneous way, like DH (see,
eq. (2.17)), one cannot write a straightforward generalisation of eq. (2.18) for Dvec and Dgh.
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Nevertheless, there is a non-trivial interplay between gauge and ghost modes and using the
computation presented in the appendix one can generalise eqs. (2.14), (2.16). Hence, defining
Wgauge ≡Wvec +Wgh , (2.20)
one obtains
Wgauge − ˜(Wgauge)φ =
∫ 1
0
dt
 Tr
φ[ ˜χ(Dvec
Λ2
)]
φ·t
− 2 Tr
φ[ ˜χ(Dgh
Λ2
)]
φ·t
 .
(2.21)
To complete the computation of the scalar and gauge contributions to the anomaly, eqs. (2.16)
and (2.21) respectively, we will follow the same procedure as in refs. [32–36].
Let us first perform a decomposition of the projector PΛ:
PΛ = Θ
(
Λ2 −O)
= lim
→0
1
2pii
∫ +∞
−∞
ds
s− ie
ise
−
(
is
Λ2
)
O
, (2.22)
and then do a heat kernel expansion3 in terms of the heat kernel (Schwinger-De Witt) coef-
ficients [37]:
Tr
(
φ e−zO
) ' ∞∑
n=0
z
1
2
(n−4)an (φ,O) , (2.23)
where
z =
is
Λ2
, (2.24)
and
an (φ,O) =
∫
d4x
√
g φ an (O, x) . (2.25)
The main advantage of the heat kernel method4 is that it provides the required information
in terms of only a few geometric invariants. Since the ultraviolet divergences in the one-
loop effective action are defined by the heat kernel coefficients, the asymptotic expansion,
eq. (2.25), makes sense only when the background field invariants, appearing in the heat kernel
coefficients an (O, x), are smaller than the corresponding powers of the ultraviolet cutoff Λ.
This requirement defines the applicability of our approach; we assume this requirement to
be satisfied.5 Since we are working on a manifold without boundary, only even heat kernel
coefficients a2k are non-zero.
Performing the integration over s in eq. (2.25), namely∫ +∞
−∞
ds sk−3eis =
{
1
2pii Ress=0
(
sk−2eis
)
for k = 0, 1, 2 ;
(2pi) ik−3
(
∂(k−3)δ
)
(1) = 0 for k ≥ 3 ,
(2.26)
3More precisely a Schro¨dinger kernel expansion, since the argument z is purely imaginary.
4Note that the heat kernel formalism is not valid beyond the one-loop approximation.
5In the case of anomaly-induced inflation, one must check that the scalar curvature R is small enough with
respect to the ultraviolet cutoff scale Λ2; this is indeed the case.
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Spin a0 a2
0, conformal coupling 1
16pi2
· 1 0
1/2, Dirac fermion 1
16pi2
· 4 1
16pi2
(
R
3
)
1, without ghosts 1
16pi2
· 4 1
16pi2
(
R
3
)
0, minimal coupling 1
16pi2
· 1 − 1
16pi2
(
R
6
)
1, gauge (i.e., with ghosts) 1
16pi2
· 2 1
16pi2
(
2R
3
)
Table 1. Heat kernel coefficients a0 and a2 for free massless fields of various spin; we have calculated
them using ref. [37].
a4 =
1
2880pi2
(
a · C2 + b ·GB + c ·R µ;µ
)
Spin a b c
0, conformal coupling 3/2 -1/2 -1
1/2, Dirac fermion -9 11/2 6
1, gauge (i.e., with ghosts) 18 -31 18
Table 2. Heat kernel coefficient a4 for free massless fields of various spin [37].
we obtain
Tr
(
φ Θ
(
Λ2 −O)) = ∫ d4x√g(a0(O, x)
2
Λ4 + a2(O, x)Λ2 + a4(O, x)
)
. (2.27)
Using the expansion eq. (A.12) for the total anomaly we obtain
W − (˜W )φ =
∫
d4x φ(x)
∫ 1
0
dt
√
g˜φt
{
Λ4
2
(
NHaH0 +NV
[
avec0 − 2agh0
]
− N
w
F
2
aF0
)
+Λ2
(
NH
(˜
aH2
)
φ·t +NV
[
(˜avec2 )φ·t − 2
(˜
agh2
)
φ·t
]
− N
w
F
2
(˜
aF2
)
φ·t
)
+
(
NH
(˜
aH4
)
φ·t +NV
[
(˜avec4 )φ·t − 2
(˜
agh4
)
φ·t
]
− N
w
F
2
(˜
aF4
)
φ·t
)}
. (2.28)
We give in tables 1 and 2 the values of the heat kernel coefficients a0, a2 and a4, respectively,
for free massless fields of different spin. Note that C2 = CµνρσC
µνρσ with Cµνρσ the Weyl ten-
sor, and GB stands for the Gauss-Bonnet term, given by GB= C2− 2 [RµνRµν − (1/3)R2] .
Using∫
d4x φ(x)
∫ 1
0
˜(
√
gGB)φ·t =
∫
d4x
√
g
(
φ GB + 4Gµνφµφν − 4XY − 2X2
)
,∫
d4x φ(x)
∫ 1
0
˜(
√
gR µ;µ )φ·t =
∫
d4x
√
g
(
(X + Y )R+ 3(X + Y )2
)
,∫
d4x φ(x)
∫ 1
0
(˜
√
gR)φ·t =
∫
d4x
√
g
(
1
2
(
e2φ − 1
)
R− 3 e2φX
)
, (2.29)
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where
φµ ≡ ∂µφ, X ≡ φµφµ, Y ≡ ∇µφµ, (2.30)
the total anomaly eq. (A.12) reads
W − (˜W )φ =
∫
d4x
√
g
{
α1
(
e4φ − 1
)
+ α2
(
1
2
(
e2φ − 1
)
R− 3 e2φX
)
+ α3φ C
2
+α4
(
φ GB + 4Gµνφµφν − 4XY − 2X2
)
+ α5
(
(X + Y )R+ 3(X + Y )2
)}
, (2.31)
where
α1 ≡ Λ
4
128pi2
(NH + 2NV − 2NwF ) ,
α2 ≡ Λ
2
16pi2
(
−1
6
NwF +
2
3
NV
)
,
α3 ≡ 1
2880pi2
(
3
2
NH +
9
2
NwF + 18NV
)
,
α4 ≡ − 1
2880pi2
(
1
2
NH +
11
4
NwF + 31NV
)
,
α5 ≡ 1
2880pi2
(−NH − 3NwF + 18NV) . (2.32)
At this point, one can make two remarks:
Remark 1. We would like to compare results for the trace anomaly obtained via the
spectral and the ζ-function regularisations. An infinitesimal anomaly reads
lim
φ→0
1√
g
δ
δφ(x)
(˜W )φ = −
(
Λ4
2
·A0(x) + Λ2 ·A2(x) + Λ0 ·A4(x)
)
, (2.33)
where
A0 ≡ NH aH0 +NV
[
avec0 − 2agh0
]
− N
w
F
2
aF0 ,
A2 ≡ NH aH2 +NV
[
avec2 − 2agh2
]
− N
w
F
2
aF2 ,
A4 ≡ NHaH4 +NV
[
(avec4 )− 2agh4
]
− N
w
F
2
aF4 , (2.34)
and the heat kernel coefficients a0, a2, a4 are given in tables 1 and 2. The A4-contribution co-
incides with the result for anomaly obtained via ζ-function regularisation and the dimensional
one [38]. Quadric and quadratic in Λ terms can be interpreted as an ultraviolet divergence
and hence subtracted through the addition of the corresponding local counter terms. Indeed,
one can define the renormalised effective action
W ren ≡W +
∫
d4x
√
g
(
α1 + α2
(
R
2
))
, (2.35)
with α1, α2 defined in eq. (2.32). One can easily check (see computations in subsection
3.2) that
lim
φ→0
1√
g
δ
δφ(x)
(˜W ren)φ = −A4(x), (2.36)
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with A4 defined in eq. (2.33). However in this way, spectral regularisation does not lead to
any new result.
In what follows, we will not subtract the divergent terms and we will keep Λ finite
and of order of the Planck scale. We will thus be able to describe simultaneously both,
the induced gravitational action and the onset of (trace) anomaly-induced inflation. We
will hence conclude that all terms in the Lagrangian, leading to a period of an accelerated
expansion of the universe, may be considered as the outcome of a quantum effect.
Remark 2. As we will show, fermions play an important roˆle in both, induced gravity
and anomaly-induced inflation, and hence the case of a purely fermonic anomaly is of special
importance. This was studied in refs. [34, 35, 39], and the Weyl anomaly generating functional
was expressed in terms of a structure very similar to the Chamseddine and Connes bosonic
spectral action [40], introduced in a context of noncommutative spectral geometry [41, 42]
coupled to the collective dilaton.6
At this point, let us emphasise that the infinitesimal Weyl anomaly, obtained within
QFT with spectral regularisation, is the bosonic spectral Lagrangian. Indeed, by definition,
SBS ≡ Tr
(
χ
(
/D
2
Λ2
))
'
∫
d4x
√
g LBS(x), (2.37)
where χ(z) is a cutoff function, equal to one at z < 1 and rapidly vanishing at z > 1, and
LBS(x) stands for the bosonic spectral Lagrangian, computed via the heat-kernel technique.
Performing a similar computation and inserting φ(x) under the sign of the trace, we get
Tr
(
φ
[
χ
(
/D
2
Λ2
)])
'
∫
d4x
√
g φLBS(x) , (2.38)
and the bosonic spectral Lagrangian reads
LBS(x) =
1√
g
δ
δφ(x)
Tr
(
φ
[
χ
(
/D
2
Λ2
)])
. (2.39)
Expanding eq. (2.14) up to linear order in φ and taking the functional derivative in the
infinitesimal limit, we obtain:
infinitesimal Weyl anomaly ≡ lim
φ→0
1√
g
δ
δφ(x)
(˜WF)φ
= lim
φ→0
1√
g
δ
δφ(x)
∫ 1
0
dt Tr
φ
 ˜χ( /D2
Λ2
)
φ·t

= lim
φ→0
1√
g
δ
δφ(x)
[
Tr
(
φ
[
χ
(
/D
2
Λ2
)])
+O
(
φ2
)]
=
1√
g
δ
δφ(x)
Tr
(
φ
[
χ
(
/D
2
Λ2
)])
= LBS(x) , (2.40)
where in the last step we used eq. (2.39).
6Noncommutative spectral geometry provides a purely geometric explanation for the Standard Model of
particle physics [43–46] and offers a framework to address early universe cosmology [10, 47–52].
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2.3 Anomaly generating functional and collective dilaton
Although — in contrast to proper time regularisation — spectral regularisation does not allow
one to compute the partition function explicitly, there is a formalism via the introduction of a
collective dilaton that allows one to extract the Weyl non-invariant part of such a regularised
determinant, as an integral over an auxilary field φ of some local expression that depends on
φ and the background fields.
Substituting the conformally transformed metric tensor gµνe
2φ in eq. (2.8) and integrat-
ing over all possible φ(x), one can write the identity
Z =
(∫
[dφ](˜Z−1)φ
)−1
·
∫
[dφ]
(
Z
(˜Z)φ
)
. (2.41)
Since the first term above is the integral over the Weyl group of a Weyl transformed quantity,
it is Weyl invariant under the action of the Weyl group, so we denote it by Zinv. Hence,
eq. (2.41) can be rewritten as
Z ≡ Zinv ·
∫
[dφ]e−Scoll , (2.42)
where
Scoll ≡ log
(
(˜Z)φ
Z
)
. (2.43)
Thus, the non-Weyl invariant partition function Z in eq. (2.42) is written as the product
of a term Zinv invariant under Weyl transformations and another one, non-invariant, which
depends on the auxiliary field φ and is due to Weyl anomaly. The introduction of the
auxiliary field, representing the collective degree of freedom of all fermions, can be seen as
bononisation. As we will later show, there exists a local Lagrangian Lcoll depending on φ
and background fields, such that Scoll =
∫
d4x
√
gL. Hence, instead of computing Z, we can
use a bosonisation-like relation
Z[gµν ] =
∫
[dψ¯][dψ][dH][dA][dc¯][dc]e−Scl[ψ¯,ψ,H,A,c¯,c,gµν ] (2.44)
' Zinv ·
∫
[Dφ]e−Scoll[φ,gµν ] .
Clearly, φ stands for a collective degree of freedom of vacuum fluctuations of all fields dual
to conformal anomaly, hence the term “collective action”.
Since all our computations were carried in Euclidean QFT, in order to apply our result
in a physical context one should perform a Wick rotation back to Minkowski signature in
eq. (2.31). Hence, for the anomaly generating functional we have
Zcoll ≡
∫
[dφ]e−Scoll −−−−−−−−−−−−−−−→
Wick rotation back
Zcoll M ≡
∫
[dφ]eiScoll M , (2.45)
and the Minkowskian version of the collective action reads
Scoll M =
∫
d4x
√−g
(
−α1
(
e4φ − 1
)
+ α2
(
1
2
(
e2φ − 1
)
R− 3 e2φX
)
− α3φ C2
−α4
(
φ GB + 4Gµνφµφν − 4XY − 2X2
)
− α5
(
(X + Y )R+ 3(X + Y )2
))
, (2.46)
with the coefficients given in eq. (2.32).
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In what follows, we will show that Weyl anomaly in QFT with spectral regularisation
reproduces Sakharov’s induced gravity, as well as Starobinsky’s anomaly-induced inflation.
This is the main message of our study.
3 Sakharov’s Induced Gravity and Spectral Regularisation
3.1 Standard approach: proper time regularisation
The standard approach to the Sakharov’s induced gravity is based on Schwinger’s proper time
regularisation [27]. In this formalism, one first selects a convenient reference metric g˜µν and
then computes the difference in the one-loop contribution to the effective action which results
from comparing two different metrics defined on the same topological manifold. Hence, we
consider the difference W [gµν ]−W [ ˜gµν ], with W defined as W ≡ − logZ.
Let us write the formal equality
Tr
(
log
D
D˜
)
=
∞∑
n=0
log
λn
λ˜n
(3.1)
= −
∞∑
n=0
∫ ∞
0
ds
(
e−sλn
s
− e
−sλ˜n
s
)
(3.2)
= −
∫ ∞
0
ds
s
Tr
(
e−sD − esD˜
)
, (3.3)
and then perform a heat kernel expansion for the Tr (e−sD) and Tr (esD˜) terms to get
Tr
(
log
D
D˜
)
= −
∫ ∞
0
ds
s
∞∑
k=0
sk−2
(
a2k(D)− a2k(D˜)
)
, (3.4)
where the coefficients ak are the Seeley-De Witt coefficients, universal functions of the space-
time geometry. In order to perform the integration over s in eq. (3.4) for k = 0, 1 one needs
an ultraviolet regulator µuv; integration over s for all other values of k, namely for all k > 1,
is ultraviolet finite but it requires the infrared regulator µir  µuv. It is worth noting that
the heat kernel expansion has allowed us to identify the potential divergences.
We obtain
Tr
(
log
D
D˜
)
= −
∫ µ−2ir
µ−2uv
ds
s
∞∑
k=0
sk−2
(
a2k(D)− a2k(D˜)
)
= −µ
4
uv
2
(
a0 (D)− a0
(
D˜
))
− µ2uv
(
a2 (D)− a2
(
D˜
))
− log
(
µ2uv
µ2ir
)(
a4 (D)− a4
(
D˜
))
+ · · · (3.5)
Let us emphasise that the regulators µuv and µir are not ultaviolet and infrared, respectively,
cutoff scales for the spectrum of D; they are attributes to make the regularisation scheme
finite.7
7Considering D = −∂2 +m2 or D = −∂2 and a finite volume of Euclidean spacetime, the spectrum D has
an infrared cutoff, however the integration over s in eq. (3.4) is still infrared divergent.
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Using eq. (2.8) with log det = Tr log and eq. (3.5) we get
Wpt ≡ − logZ =
∫
d4x
√
g
(
λptind +
M2 indPl
16pi
R+
{
O
(
R2
)})
, (3.6)
where
λptind =
µ4uv
64pi2
(2NwF −NH − 2NV) , (3.7)
and
M2 indPl =
µ2uv
2pi
(
NwF
6
− 2NV
3
)
. (3.8)
The main idea of Sakharov’s induced gravity lies in attributing a physical meaning to the
ultraviolet cutoff scale, so that it denotes the upper scale for which the considered QFT is
a valid effective theory. In this way, it is not necessary to subtract divergences, and setting
Λ ∼MPl ∼ 1019GeV, the term µ2uvR can be considered as an induced gravitational action.
Hence, starting from a classically Weyl invariant theory, quantisation implied a Weyl
non-invariant Einstein-Hilbert action. One may thus conclude that, under proper time regu-
larisation, the Weyl anomaly contains operators of dimension two, in contrast to the (stan-
dard) dimensional regularisation or the ζ-function regularisation, where anomaly contains
just operators of dimension four.
Nevertheless, the considered proper time regularisation procedure does not reproduce
correctly the a4-contribution to the anomaly (cf. eq. (2.36)), and therefore it cannot be used to
investigate the trace anomaly induced inflation. Indeed, substituting in Wpt, defined in (3.6)
above, the conformally transformed metric tensor e2φgµν and then taking the derivative over
φ(x), one immediately finds
lim
φ→0
1√
g
δ
δφ(x)
(˜Wpt)φ = 4 λ
pt
ind +
1
8pi
M2 indPl R , (3.9)
taking into account that the
{
O
(
R2
)}
-terms in eq. (3.6) are given by
log
(
µ2uv
µ2ir
)
a4 (D) = log
(
µ2uv
µ2ir
)
1
2880pi2
[
3
2
NH +
9
2
NwF + 18NV
] ∫
d4x
√
gC2
= Weyl inv. , (3.10)
and thus do not contribute in eq. (3.9).
Let us remind to the reader that as we have previously shown (see Remark 1, eq. (2.33)),
the spectral regularisation reproduces correctly the a4-contribution to the anomaly. We will
next show that it also reproduces correctly the induced Einstein-Hilbert action; it can be
thus used to describe both.
3.2 The spectral regularisation approach
The effective action
Weff [gµν ] = − logZ[gµν ] , (3.11)
is known to be a non-local functional of the metric tensor gµν and in particular, of the
Lagrangian density Leff [gµν ], so that
Weff [gµν ] =
∫
d4x
√
gLeff [gµν ] (3.12)
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does not exist and correspondingly the local collective action Scoll, once integrated over φ,
captures all non-locality of the Weyl non-invariant part of the effective action.
Nevertheless, the terms with coefficients α1, α2 and α5 in the anomaly, eq. (2.31), can
be generated by local terms in the effective action Weff .
Indeed, let us consider
Wloc[gµν ] =
∫
d4x
√
g
(
−α1 − α2
(
R
2
)
− α5
(
R2
12
))
, (3.13)
and
Wloc[gµν ]−Wloc[gµνe2φ] =
∫
d4x
√
g
(
α1
(
e4φ − 1
)
+ α2
(
1
2
(
e2φ − 1
)
R− 3 e2φX
)
+α5
(
(X + Y )R+ 3(X + Y )2
))
. (3.14)
Comparing eqs. (2.31) and (3.14), we conclude that the total effective action can be rewrit-
ten as
W = Winv +Wloc +Wnonloc , (3.15)
where Winv is some Weyl invariant functional of gµν and Wnonloc is a non-local functional,
generating α3 and α4 terms in the collective action eq. (2.31) (we refer the reader to ref. [30]).
Equivalently, one can say that QFT with spectral regularisation leads to Sakharov’s induced
gravity:
Wind [gµν ] =
∫
d4x
√
g
(
Λ4
128pi2
(2NwF −NH−2NV)+
Λ2
32pi2
(
1
6
NwF −
2
3
NV
)
R+O
({
R2
}))
=
∫
d4x
√
g
(
λind+
1
16pi
(
M indPl
)2
R
)
+O
({
R2
})
, (3.16)
where (
M indPl
)2
=
Λ2
12pi
(NwF − 4NV) , (3.17)
and
λind =
Λ4
128pi2
(2NwF −NH − 2NV) , (3.18)
with O
({
R2
})
denoting all local and non-local terms responsible for Λ0-contributions in
the anomaly-induced effective action. The latter is much smaller in the low energy regime
(R  Λ) and hence it can be neglected at energies much smaller than the cutoff scale. It
however plays a significant roˆle during the inflationary era; it will be studied in the next
section within the isotropic approximation.
In order to identify the induced Planck mass with the real one at ∼ 1019GeV one should
impose the cutoff scale Λ at the Planck energy scale. This however automatically leads to a
huge value of the induced cosmological constant, namely λind ∼M4Pl. One may consider the
presence of bare cosmological constant with the opposite sign, namely λbare ∼ − M4Pl and
impose the fine-turning:
λobservable = λbare + λind .
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To avoid such a fine-tuning, we will adopt an alternative approach and hence, we will impose
the Pauli compensation principle, i.e we require, that the Λ4 fermonic and bosonic contri-
butions to the vacuum energy cancel each other. The latter implies that the numbers of
physical fermonic and bosonic degrees of freedom are equal, namely
NH = 2 (NwF −NV) , (3.19)
on the number of scalars, spinors and vectors, so that all quartic divergences cancel.
Thus, under spectral regularisation we obtain:
Wind [gµν ] =
∫
d4x
√
g
(
Λ2
32pi2
(
1
6
NwF −
2
3
NV
)
R+O
({
R2
}))
. (3.20)
The above equation, eq. (3.20), agrees with the one obtained following the Schwinger proper
time formalism [27]. It is worth noting that the Pauli compensation condition NH =
2 (NwF −NV) is not just a property of the spectral regularisation; it holds in all regulari-
sation procedures with an ultraviolet cutoff scale and in that sense it is universal.
In the next section, we will consider a high energy region, but R < Λ2, i.e. where the
spectral regularisation is still applicable. We will show that, imposing the Pauli compensation
condition, the Λ0-contribution to the anomaly (which we have neglected here), together with
the Λ2-contribution, leads automatically to Starobinsky’s anomaly-induced inflation.
4 Inflation induced from trace anomaly: the isotropic approximation
We will explore the dynamics of a metric tensor in the isotropic approximation. The space-
time is considered to be spatially flat, namely gµν = e
β(τ)ηµν ; the cases of closed and open
universes can be studied along similar lines. Although one should first derive an equation of
motion for the metric tensor gµν and only afterwards substitute the conformally flat anzatz,
it is possible to avoid the first step following the procedure described in ref. [53].
Hence, to get equations of motion in the isotropic case for an arbitrary8 general covariant
action W [gµν ] one should [53]:
• Firstly, substitute the conformally flat anzatz ds2 = dt2−a(t)2d~x2 in the action W [gµν ].
• Secondly, rewrite the result of the substitution in the form
W [a(t)] = vol ·
∫
dt a3 I(H, H˙), (4.1)
where vol is a three-dimensional volume and H stands for the Hubble parameter, H ≡
a˙/a. In principle, the function I can also depend on higher derivatives of the Hubble
parameter, but we will restrict ourselves to the minimal needed case.
• Thirdly, obtain the following equation for the scale factor:
I−H ∂I
∂H
+
(
−H˙ + 3H2
) ∂I
∂H˙
+H
d
dt
∂I
∂H˙
= 0 , (4.2)
which is just the generalisation of the Friedmann equation.
8Although the procedure discussed is ref. [53] deals with a local action W , repeating the same analysis one
obtains the same result also in a nonlocal situation, provided after the substitution of the conformally flat
anzatz, the action can be written as the right-hand-side of eq. (4.1). As we will see, our model belongs to
this case.
– 14 –
J
C
A
P01(2014)035
Remark 3. Equation (4.2) is third order in a, while the equation of motion δW/δa = 0
is of fourth order. One can easily check that the above prescription is just a formulation of
energy conservation. Indeed, since W [a(t)] in eq. (4.1) does not depend explicitly on time,
Nother’s theorem implies conservation of the quantity:
E ≡ ∂L
∂at
at − L+ ∂L
∂att
att −
(
d
dt
∂L
∂att
)
. (4.3)
If in addition, one imposes that the overall (gravity+fields) energy E vanishes, then the
resulting equation will be exactly eq. (4.2).
In our case the action is given by9
Wtotal [gµν ] = W +Wλ, Wλ ≡
∫
d4x
√−g (−λ) (4.4)
where10 W is a quantum effective action 1i logZ with Z defined by eq. (2.8) and spectral
regularisation.
Following the prescription described above, we must substitute the conformally flat
anzatz for the metric tensor in comoving coordinates in eq. (2.31). This is done in two steps:
firstly, we substitute the conformally flat anzatz in the conformal coordinates gµν = e
2β(τ)ηµν
and secondly, we perform the corresponding change of variables to the comoving frame.
Hence, substituting gµν = ηµν and φ = β(τ) in eq. (2.31), we get
11
Wtotal [β(τ)] = vol ·
∫
dτ
(
3α2e
2ββ2τ + (3α5 − 2α4)β4τ + 3α5β2ττ − λe4β
)
. (4.5)
Performing the change of variables β(τ)→ a(t) with
τ =
∫ t
t0
a−1 (z) dz, β(τ) = log a(t), (4.6)
we arrive to the following expression for the effective action:
Wtotal[(a(t))] = vol ·
∫
dt a3 I
(
H, H˙
)
, (4.7)
where
I(H, H˙) ≡ 3α2H2 + (6α5 − 2α4)H4 + 3α5H˙2 + 6α5H2H˙ − λ . (4.8)
Substituting the above expression for J, eq. (4.8), in eq. (4.2), we arrive to the following
equation of motion in terms of the Hubble parameter H:
H¨ + 3HH˙ − 1
2
H˙2
H
+
3
4
H3
Q
− 3HΛ2 + λP
H
= 0 , (4.9)
9The cosmological constant λ is known to be much smaller than all other constants of dimension four, in
particular M4Pl. We do not expect that λ is generated dynamically through quantum anomalies and we can
make no comment on its origin. In the following, we are interested to check that the cosmological constant
will not destabilise the inflationary solution.
10In what follows we skip the index M for brevity, keeping in mind, that we are working in a Minkowski
space-time.
11We use the fact, that W [ηµν ] = 0, that can be easily checked by direct computation, since in this case the
spectrum of each Laplacian, appearing under the sign of determinant is trivial.
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where
Q ≡ NF − 4NV
NF + 8NV
,
P ≡ 96pi
2
NF − 4NV . (4.10)
Equation (4.9) for the Hubble parameter H(t) is of second order, so we write it as a system
of two first order equations, in order to use the phase portrait technique. Hence,
d
dt
(
v
H
)
=
(
−3Hv + 12 v
2
H − 34 H
3
Q + 3HΛ
2 − λPH
v
)
. (4.11)
We are looking for special points of the vector field on the [H, v]-plane defined by the right-
hand side of eq. (4.11). Solving this algebraic equation we find two special points,12 H1
and H2:
H1 =
√
2QΛ
√√√√1−√1− λP
3Λ4Q
' 1
Λ
√
λP
3
(
1 +O
(
λ
Λ4
))
, (4.12)
describing a slowly expanding universe, and
H2 =
√
2QΛ
√√√√1 +√1− λP
3Λ4Q
' 2
√
QΛ
(
1 +O
(
λ
Λ4
))
, (4.13)
describing a rapidly expanding universe and hence offering a good candidate for an inflation-
ary model.
Linearising the system eq. (4.11) in the vicinity of each special point, we draw the
following conclusions:
• The rapidly expanding solution H2 is stable (stable focus on [H,V ] plane).
• The slowly expanding solution H1 is unstable (unstable focus on [H,V ] plane).
In conclusion, if Pauli compensation condition is satisfied, namely if all quartic diver-
gences cancel each other, then Sakharov’s induced gravity leads to Starobinsky’s anomaly-
induced inflation, and vice versa.
5 Conclusions
The aim of this study was to relate Sakharov’s induced gravity to the anomaly-induced
effective action and thus obtain Starobinky’s anomaly-induced inflation. Imposing spectral
12There are four special points, but since we are interested in expanding solutions we only consider positive
values of H.
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Figure 1. Phase portrait showing the dynamics of the scale factor in the case of the Sakharov’s
induced gravity with the Pauli compensation condition for the quartic divergences cancellation. The
parameters are taken as follows, NV = 12, NV = 5NV.This system shows the existence of a stable
de Sitter solution with the scalar curvature smaller or equal to the MPl; corresponds to a rapidly
expanding universe.
regularisation with the cutoff scale Λ in a classically Weyl invariant theory, we computed
the anomaly and expressed the anomalous part of the quantum effective action through
the quantised single collective scalar degree of freedom of all quantum vacuum fluctuations,
dubbed as the collective dilaton field φ, described by the local action eq. (2.31).
It is worth noting that the condition of stability of the cosmological constant under
Λ4-corrections, namely NH = 2 (NwF −NV), appears naturally within our procedure.
Our approach allowed us to treat the Sakharov’s induced gravity on equal footing
with the Starobinsky’s anomaly-induced action, in a self-consistent way. More precisely,
we found that
M2 indPl =
Λ2
12pi
(NwF − 4NV) ,
Hinflat ' 2
√
NwF − 4NV
NF + 8NV
· Λ ·
(
1 +O
(
λ
Λ4
))
.
Provided the stability condition is satisfied, Sakharov’s induced gravity and anomaly in-
duced action leading to Starobinsky’s anomaly-induced inflation appear simultaneously if
NwF > 4NV.
The fact that QFT gave rise to the Einstein-Hilbert action and the onset of an infla-
tionary era, in the absence of an inflaton field, may indicate that the cosmological arrow of
time results from quantum effects in a classically Weyl-invariant theory. At this point, it is
worth emphasising that while our model can account for the onset of inflation and the first
inflationary stage, it cannot describe the graceful exit and the subsequent evolution of the
universe to its present state. In order to explain the graceful exit one should go beyond our
massless particle approximation, as was done for intance in ref. [54].
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A Gauge-Ghost’s contribution: some computational details
Starting from the Maxwell action for gauge fields
SM =
∫
d4x
√
g
(
1
4
FµνF
µν
)
, (A.1)
we perform a Faddeev-Popov quantisation procedure, adding the gauge fixing term
Sgf ≡ 1
2
∫
d4x
√
g (∇µAµ) , (A.2)
and the ghost action Sgh
Sgh =
∫
d4x
√
gc¯Dghc , (A.3)
where
Dgh ≡ −∇2 . (A.4)
The overall gauge fixed Maxwell-ghost action then reads
Svec−gh ≡ SM + Sgf + Sgh
=
1
2
∫
d4x
√
g
(
Aµ(Dvec)
ν
µ Aν
)
+
∫
d4x
√
gc¯Dghc , (A.5)
where
(Dvec)
ν
µ ≡ −δνµ∇2 − [∇µ,∇ν ]
= −δνµ∇2 −Rνµ . (A.6)
The partition function describing a contribution of the quantised vector fields and ghosts to
the vacuum energy is given by the functional integral
Zvec−gh =
∫
[dA][dc¯][dc]e−Svec−gh
=
detDgh√
detDvec
. (A.7)
Since both operators Dvec and Dgh are unbounded, the last equality is formal and thus we
perform a spectral regularisation. Following the same approach as for the fermonic and scalar
cases, we introduce the cutoff scale Λ and the two projectors
PΛvec = Θ
(
Λ2 −D2vec
)
,
PΛgh = Θ
(
Λ2 −D2gh
)
, (A.8)
in order to truncate the spectrum of the Dvec and Dgh operators, respectively.
The regularisation is based on replacing the unbounded operators Dvec and Dgh by the
truncated operators DΛvec and D
Λ
gh, respectively, denoted by
Dvec → DΛvec ≡
(
Dvec
Λ
)
PΛvec + 1− PΛvec ,
Dgh → DΛgh ≡
(
Dgh
Λ
)
PΛgh + 1− PΛgh , (A.9)
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in the determinants appearing in the partition function eq. (A.7). Hence, the regularised
partition function reads
ZΛvec−gh ≡
detDΛgh√
detDΛvec
= − exp
{
Tr
(
1
2
PΛvec logDvec
)
− Tr (PΛgh logDgh)} . (A.10)
We are interested in computing the contribution of the quantised vector fields and ghosts to
the anomaly Scoll. We will impose the above discussed regularisation and use eq. (A.10) for
the regularised partition function. Note that we denote a quantity Q[gµν ] computed on the
transformed metric tensor gµνe
2φ by(
Q˜
)
φ
≡ Q
[
e2φgµν
]
. (A.11)
For the anomaly we have
Scoll = log

(
˜ZΛvec−gh
)
φ
ZΛvec−gh

=
∫ 1
0
dt ∂t log
(
˜ZΛvec−gh
)
φ·t
= −
∫ 1
0
dt ∂t
{
Tr
(
1
2
P˜Λvec log D˜vec
)
φ·t
− Tr
(
P˜Λgh log D˜gh
)
φ·t
}
= −
∫ 1
0
dt
(
1
2
Tr
[
P˜Λvec
(
D˜Λvec
)−1
∂tD˜Λvec
]
φ·t
− Tr
[
P˜Λgh
(
D˜Λgh
)−1
∂tD˜Λgh
]
φ·t
)
.
(A.12)
In contrast to the fermonic and scalar cases, the next step in the computation of the anomaly
Scoll is not a trivial task, because both operators Ddec and Dgh do not transform in a
covariant way, namely[
(˜Dvec)
λ
µ
]
φ
= e−2φ
(
(Dvec)
λ
µ + 2φµ∇λ − 2φλ∇µ − 2φ λµ + 4φµφλ
)
,[
D˜gh
]
φ
= e−2φ (Dgh − 2φµ∇µ) . (A.13)
From the transformation law, eq. (A.13) above, we derive
∂t
[
(˜Dvec)
λ
µ
]
φ·t
= −2φ
[
(˜Dvec)
λ
µ
]
φ·t
+ 2
[
φ˜µ∇λ
]
φ·t
− 2
[
φ˜λ∇µ
]
φ·t
− 2
[
φ˜ λµ
]
φ·t
,
∂t
[
D˜gh
]
φ·t
= −2φ
[
D˜gh
]
φ·t
− 2
[
φ˜µ∇µ
]
φ·t
. (A.14)
Substituting eq. (A.14) in eq. (A.12) we obtain the expression for the anomaly; it has a part
similar to that of the fermonic and bosonic cases and in addition there are some “bad terms”,
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namely
Scoll =
∫ 1
0
dt
{
Tr vec
(
φ
[
P˜Λvec
]
φ·t
)
− 2 Tr gh
(
φ
[
P˜Λgh
]
φ·t
)
+ ˜(“bad terms”)φ·t
}
, (A.15)
where the “bad terms” are given by
“bad terms” ≡ 2
{
Tr vec
[
PΛvec (Dvec)
−1
(
φµ∇λ − φλ∇µ − φ λµ
)]
+ 2 Tr gh
[
PΛgh (Dgh)
−1 (φµ∇µ)
]}
. (A.16)
In what follows we will show that the “bad terms” cancel.
Let us first introduce a complete set Φn, n = 1, 2 . . . of orthonormal eigenfunctions of
the ghost operator Dgh, as
DghΦn = λnΦn with
∫
d4x
√
gΦnΦm = δnm . (A.17)
One can easily check that the set of functions ξµn ≡ ∇µΦn√λn satisfies
(Dvec)
µ
ν ξ
ν
n = λnξ
µ
n with
∫
d4x
√
gξnµξ
µ
m = δnm, (A.18)
namely it forms an orthonormal basis in a space of longitudinal eigenvectors of the the
operator Dvec. Let us also introduce the orthonormal set of transversal eigenvectors of
(Dvec)
µ
ν B
ν
n = βnB
µ
n with
∫
d4x
√
gBnµB
µ
m = δnm and ∇µBµn = 0 , (A.19)
so the set {ξµn , Bµm} with n,m = 1, 2, · · · forms a basis in the space of all gauge potentials.
The gauge contribution to the “bad terms” is
Tr
[
PΛvec (Dvec)
−1
(
φµ∇λ − φλ∇µ − φ λµ
)]
=
∑
n: λn≤Λ
∫
d4x
√
g
(
ξµn
(
D−1vec
) η
µ
(
φη∇λ − φλ∇η − φ λη
)
ξnλ
)
+
∑
n: βn≤Λ
∫
d4x
√
g
(
Bµn
(
D−1vec
) η
µ
(
φη∇λ − φλ∇η − φ λη
)
Bnλ
)
︸ ︷︷ ︸
0
= −2
∑
n: λn≤Λ
1
λn
∫
d4x
√
g (Φnφ
ν∇νΦn) , (A.20)
and the ghost contribution to the “bad terms” reads
Tr
[
PΛgh (Dgh)
−1 (φµ∇µ)
]
= 2
∑
n: λn≤Λ
1
λn
∫
d4x
√
g (Φnφ
ν∇νΦn)
= − Tr
[
PΛvec (Dvec)
−1
(
φµ∇λ − φλ∇µ − φ λµ
)]
. (A.21)
Clearly, the “bad terms” cancel mode by mode.
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Hence, the final answer for the gauge-ghost contribution to the anomaly is
Scoll =
∫ 1
0
dt
 Tr
φ[ ˜χ(Dvec
Λ2
)]
φ·t
− 2 Tr
φ[ ˜χ(Dgh
Λ2
)]
φ·t
 , (A.22)
where the cutoff function χ is the Heaviside step-function
χ(z) ≡ Θ(1− z) . (A.23)
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